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Third-Body Perturbation in Orbits Around Natural Satellites

Antonio Fernando Bertachini de Almeida Prado
National Institute for Space Research, 12227-010 São José dos Campos, Brazil

An analytical and a numerical study of the perturbation imparted to a spacecraft by a third body is developed.
There are several important applicationsof the present research, such as calculation of the effect of lunar and solar
perturbations on high-altitude Earth satellites. The goal is to study the evolution of orbits around some important
natural satellites of the solar system, such as the moon, the Galilean satellites of Jupiter, Titan, Titania, Triton, and
Charon. There is special interest in learning under which conditions a near-circular orbit remains near circular.
The existence of circular, equatorial, and frozen orbits are also considered for a lunar satellite, but the results
are valid for any system of primaries by making a time transformation that depends on the masses of the bodies
involved. Several plots will show the time histories of the Keplerian elements of the orbits involved. Then, a study
is performed to estimate the lifetime of orbits around those natural satellites.

Introduction

T HE majority of papers that considered the third-body pertur-
bation problem studied the perturbationdue to the sun and the

moon in a satellite in orbit around the Earth. Kozai1 developed the
main secular and long-period terms of the disturbing function due
to the lunisolar perturbations in terms of the orbital elements of
the satellite, the sun, and the moon. This research would later be
expanded by Musen et al.2 to include the parallactic term in the
disturbing function. After that, Kozai3 studied the problem of secu-
lar perturbationsin asteroids with high inclination and eccentricity,
considering that they are perturbed by Jupiter, which is assumed to
be in a circular orbit around the sun. Blitzer4 obtained estimates of
the lunisolardisturbancesusingmethods of classicalmechanics,but
only for the secular terms. Following that, Cook5 used Lagrange’s
planetary equations to obtain expressions for the variation of ele-
ments during a revolution of the satellite and for the rate of varia-
tion of the same elements. In that same year,Kaula6 derived general
terms of the disturbing function for the lunisolarperturbation,using
equatorial elements for the moon, but the terms did not supply a
de� nitive algorithmfor the calculations.Again, Kozai7 approached
that problem and included indirect terms of the disturbance due to
the alteration of the terrestrial � attening due to those forces.

In the 1970s, that subject was studied again. Giacaglia8 obtained
the disturbing function for the disturbance of the moon using eclip-
tic elements for the moon and equatorial elements for the satel-
lite. Secular-, long-, and short-period terms were calculated and
expressed in a closed form. Kozai9 developedan alternativemethod
for thecalculationof the lunisolardisturbances.The disturbingfunc-
tion was expressed in terms of the orbital elements of the satellite
and the polar geocentric coordinates of the sun and the moon. The
secular- and long-period terms are derived by numerical integration
and the short-period terms are obtained analytically.

In the followingdecade,Hough10 studied the effectsof the luniso-
lar disturbance in orbits close to the inclinations63.4 and 116.6 deg
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(critical inclinations with respect to the geopotential of the Earth)
and concluded that the effects are signi� cant in high altitudes.

All of the preceding references represent fundamental contribu-
tions in the subject, and they possess an analytic focus, dedicated
to the derivation of equations. In the present work, a more practi-
cal approach is used with the idea of complementing the existent
literature.Some recent studies haveprovidednumeric comparisons.

In this paper,several topics related to this problemwill be studied.
In particular, the so-called critical angle of the third-body perturba-
tion, which is a value for the inclination such that any near-circular
orbit with inclinationbelow this remains near circular, is discussed
in detail for a lunar satellite. The assumptions of our model are
similar to the ones made in the restricted three-body problem.

1) There are only three bodies involved in the system: one body
with mass m0 � xed at the origin of the referencesystem, a massless
spacecraftin a elliptic three-dimensionalorbit aroundthis body, and
a third body in a circular orbit around this same central body in the
plane x–y.

2) The motion of the spacecraft is assumed to be a three-
dimensional Keplerian orbit with its orbital elements disturbed by
the third body.

The motionof the spacecraftis studiedunder the double-averaged
analyticalmodel with the disturbingfunctionexpandedin Legendre
polynomials up to fourth order and as the full restricted problem.
The doubleaverageis takenover the mean motionof the satelliteand
over the mean motion of the disturbingbody. That modern comput-
ers can easily integratenumerical trajectoriesusingcomplex models
for the dynamics does not invalidate the use of models based in an-
alytical approximations.The most important reason for this is that
a double-averaged model, like the one shown here, can eliminate
short-period periodic perturbations that appear in the trajectories.
In that way, smooth curves that show the evolution of the mean
orbital elements for a long time period can be constructed. These
provide a better understandingof the physical phenomenon studied
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andallow the studyof long-termstabilityof theorbits in thepresence
of disturbancesthat cause slowchangesin the orbital elements.Note
that the truncated equations of motion could be numerically inte-
gratedmuch faster than the full equationsof the restrictedthree-body
problem. The next sections present the mathematical models used;
the study of circular, near-circular, equatorial, and frozen orbits;
and the study of the lifetime of orbits around natural satellitesof the
solar system.

Mathematical Models
This section derives the equations required by the mathematical

models used during the simulations made in this research. It is as-
sumed that the main body with mass m0 is � xed in the center of the
referencesystem x–y. The perturbingbody with mass m 0 is in a cir-
cular orbit with semimajor axis a0 and mean motion n0 (given by the
expression n 02a03 D G[m0 C m 0]). The massless spacecraft is in an
elliptic three-dimensionalorbit with orbital elements: a (semimajor
axis), e (eccentricity), i (inclination),! (argument of periapsis), Ä
(longitude of the ascending node), and n (the mean motion) given
by the expression n2a3 D Gm0. In this situation, the disturbing po-
tential that the spacecraft has from the action of the disturbingbody
is given by

R D ¹0G.m0 C m 0/p
r 2 C r 02 ¡ 2rr 0 cos.S/

(1)

where ¹0 D m 0=.m0 C m 0/, G is the gravitational constant, and S is
the angle between the line that connects the massive central body
and the perturbed body (the spacecraft) and the line that connects
the massive central body and the perturbing body (the third body).

With the traditional expansion in Legendre polynomials (assum-
ing that r 0 À r), the following expression can be found:

R D
¹0G.m0 C m 0/

r 0

1X

n D 2

³
r

r 0

´n

Pn [cos.S/] (2)

where Pn are the Legendre polynomials.
For the models used in this research, it is necessary to calculate

the parts of the disturbing function due to P2, P3 , and P4 (R2, R3,
and R4, respectively).They are
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A substitution using the expression n 02a03 D G[m0 C m 0] was
made between the � rst and the second member of those equations.
The next step is to average those quantities over the short period of
the satellite as well as with respect to the distant perturbing body.
The standard de� nition for average used in this research is

hF i D 1

2¼

Z 2¼

0

.F/ dM

where M is the mean anomaly, which is proportional to time.
To perform the average over R2, R3, and R4 , one proceeds as

follows. First de� ne the quantities® D OP ¢ Or 0 and ¯ D OQ ¢ Or 0, where Or 0

is the unit vector pointing from the central body to the disturbing
bodyand OP and OQ are the usualorthogonalunit vectors, functionsof
i , !, and Ä in the plane of the satellite orbit,with OP pointing toward
the periapsis. For the special case considered here of circular orbits
for the disturbing body, the following relations are available:

® D cos.!/ cos.Ä ¡ M 0/ ¡ cos.i/ sin.!/ sin.Ä ¡ M 0/ (6)

¯ D ¡sin.!/ cos.Ä ¡ M 0/ ¡ cos.i/ cos.!/ sin.Ä ¡ M 0/ (7)

With this de� nition and the geometry involved, it is possible to
relate the angle S to the positions of the perturbing and perturbed
bodies. This can be made by the equation (where f is the true
anomaly of the satellite)

cos.S/ D ® cos. f / C ¯ sin. f / (8)

Then, combining Eq. (8) with Eqs. (3–5), the perturbing poten-
tial becomes a function of the orbital elements of the satellite.Next,
it is necessary to replace the true anomaly f with the eccentric
anomaly E . This is made by the well-known relations sin. f / D
[
p

.1 ¡ e2/ sin.E/]=[1 ¡ e cos.E/], cos. f / D [cos.E/ ¡ e]=[1 ¡
e cos.E/], and r=a D 1 ¡ e cos.E/. Then, the integrations required
to obtain the averages are realized in terms of the eccentric
anomaly, not in terms of the mean anomaly. To do that, the rela-
tion dM D [1 ¡ e cos.E/] dE is also used.

After this process, the following identities appear:

h.r=a/2 cos2. f /i D .1 C 4e2/=2; h.r=a/2 cos. f / sin. f /i D 0

h.r=a/2 sin2. f /i D .1 ¡ e2/=2; h.r=a/2i D .2 C 3e2/=2

h.r=a/3 cos. f /i D ¡[5e.4 C 3e2/=8]

h.r=a/3 cos3. f /i D ¡[5e.3 C 4e2/=8]

h.r=a/3 sin. f /i D 0; h.r=a/3 cos2. f / sin. f /i D 0

h.r=a/3 cos. f / sin2. f /i D 5e.e2 ¡ 1/=8; h.r=a/3 sin3. f /i D 0

h.r=a/4 cos4. f /i D 3.1 C 12e2 C 8e4/=8

h.r=a/4 cos3. f / sin. f /i D 0

h.r=a/4 cos2. f / sin2. f /i D .1 C 5e2 ¡ 6e4/=8

h.r=a/4 cos. f / sin3. f /i D 0; h.r=a/4 sin4. f /i D 3.e2 ¡ 1/2=8

h.r=a/4 cos2. f /i D .4 C 41e2 C 18e4/=8

h.r=a/4cos. f / sin. f /i D 0; hr=a/4 sin2. f /i D .4 ¡ e2 ¡ 3e4/=8

h.r=a/4i D .8 C 40e2 C 15e4/=8

After using those quantities, expressions (3–5) become
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Next, one takes the second average with respect to the disturbing
body to eliminate the variable M 0. To do this, it is necessary to hold
the Keplerianelementsof the spacecraftconstantduring the process
of averaging.This is possible due to the hierarchy of timescales: the
period of satellite is much less than the period of disturbing body,
which is much less than the period of slow oscillationsin the orbital
elements. After making these assumptions, the following identities,
always valid for circular orbits only, are obtained:

h®i D h®3i D h®¯2i D 0; h®2i D [cos2.!/ C cos2.i/ sin2.!/]=2

h®4i D 3[cos2.!/ C cos2.i/ sin2.!/]2=8

h¯2i D [sin2.!/ C cos2.i/ cos2.!/]=2

h®2¯2i D [cos2.i/ cos4.!/ C 3 cos2.!/ sin2.!/

¡ 4 cos2.i/ cos2.!/ sin2.!/]=8

C [3 cos4.i/ cos2.!/ sin2.!/ C cos2.i / sin4.!/]=8

h¯4i D 3[cos2.i/ cos2.!/ C sin2.!/]2=8; a 0 D r 0

When those identitiesare applied in expressions(6–8), the results
are

hhR2ii D K1f2[3 cos2.i/ ¡ 1] C 3[3 cos2.i/ ¡ 1]e2

C 15 sin2.i/e2 cos.2!/g (12)

hhR3ii D 0 (13)

hhR4ii D K2

£
C1 C C2e2 C C3e2 cos.2!/ C C4e

4

C C5e4 cos.2!/ C C6e
4 cos.4!/

¤
(14)

where

K1 D
¹0a2n 02

16
; K2 D

9¹0n 02a4

65;536a02

C1 D 144 C 320 cos.2i/ C 560 cos.4i/; C2 D 5C1
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15

8
C1

C5 D
C3

2
; C6 D 4410 ¡ 5880cos.2i / C 1470cos.4i/

The partial derivatives required for the equations of motion are
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D ¡K130 sin2.i/e2 sin.2!/ (18)
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@!
D ¡K2
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2C3e

2 sin.2!/ C C3e4 sin.2!/ C 4C6e4 sin.4!/
¤

(22)

where

C7 D ¡640 sin.2i/ ¡ 2240sin.4i/

C8 D ¡3200 sin.2i/ ¡ 11;200 sin.4i/

C9 D ¡1200 sin.2i/ ¡ 4200 sin.4i/

C10 D ¡4480 sin.2i/ C 15;680 sin.4i /

C11 D ¡2240sin.2i/ C 7840 sin.4i/

C12 D 11;760 sin.2i/ ¡ 5880 sin.4i/

The nextstep is to obtaintheequationsofmotionof the spacecraft.
They come from the Lagrange’s planetaryequationsin the form that
dependson the derivativesof the disturbing function R with respect
to the Keplerian elements.

da

dt
D 0 (23)
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where fi .a; e; i; !/ represent the contribution of the fourth-order
term. They are given by
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f4.a; e; i; !/ D 9¹0n02a2

p
1 ¡ e2 65;536a02n sin.i/

£
C7 C C8e2 C C9e4

C C10e
2 cos.2!/ C C11e

4 cos.2!/ C C12e
4 cos.4!/

¤
(32)

f5.a; e; i; !/ D ¡9¹0n 02a2.1 ¡ e2/

32;768a02n

µ
5C1 C C3 cos.2!/

C 15

4
C1e2 C C3e2 cos.2!/ C 2C6e

2 cos.4!/

¶

¡ 9¹0n02a2

8192a02n

£
C1 C C2e2 C C3e2 cos.2!/ C C4e

4

C C5e4 cos.2!/ C C6e
4 cos.4!/

¤
(33)

There are some conclusionsthat come directlyfrom the equations
of motion:

1) The term ¹0 is a constant that multiplies all of the equations
of motion, and so it is equivalent to a time transformation in the
system of the type ¹0t D t¤. Thus, all of the results based in those
equations are valid for any system of primaries in a proportional
timescale. The same is true for the semimajor axis (that is present
in the equations in the term n) in the second-ordermodel.

2) The ratio K1=K2 D 4096a 02=a2 gives an idea of the relative im-
portance of the second- and fourth-order terms. The importance of
the fourth-order terms increases when the semimajor axis of the
perturbed body increases. This importance also increases with the
eccentricity of the perturbed body due to the terms that depend on
the eccentricity.

3) The difference between the analytical solutions and the full
numerical simulations also increases with those variables. This is
con� rmed by numerical integrations and by the expansions being
made in terms of the eccentricity.

Results
In this section some results are shown related to the third-body

perturbationproblem. This section is divided in several subsections
to show clearly several aspects of the problem.

Circular Orbits and the Critical Inclination
It is possible to identify the existence of circular solutions for

both second- and fourth-order models directly from the equations
of motion for the averaged models. This means that, in the ideal
case of an orbit that starts with zero eccentricity, its eccentricity
remains always zero. This occurs because the right-handside of the
equation for the time derivative of the eccentricity is zero. (It is a
polynomial in the eccentricity with no independent term.) Another
propertyof those orbits is that the inclinationis also constant for the
same reason because the time derivative of the inclination is also a
polynomial in the eccentricity with no independent term.

The evolutions of these two quantities (eccentricity and inclina-
tion) are studied under the fully restricted three-bodyproblem. The
results show that the circular solutions with constant inclination do
not exist in this more realisticmodel. The eccentricityoscillateswith
large amplitude. The inclination remains close to constant most of
the time, but from time to time it decreases to the value of the critical
inclination, and then it returns to its initial value. The minima in in-
clination occur at the same time as the maxima in eccentricity.This
behavior is similar to the near-circular orbits shown in Figs. 1–4.
This result is expected, because there is no physical reason to have
a strong difference in the behavior of orbits with eccentricity 0.00
and 0.01. The general conclusion is that the circular solutions with
constant inclination appear due to the truncation of the Legendre
polynomial and are not physical phenomena, at least for the condi-
tions simulated in this research.

Another important question in this problem is the existence of
a critical value for the inclination between the perturbed and the
perturbing bodies. This critical inclination is related to the stability
of near-circular orbits. The problem is to � nd under what condi-
tions a spacecraft that starts in a near-circularorbit around the main

Fig. 1 Time histories for the inclination for a lunar satellite.

Fig. 2 Time histories for the eccentricity for a lunar satellite.
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Fig. 3 Inclination and eccentricity for a lunar satellite in the i–e plane.

Fig. 4 Comparison between the models: darkest line, numerical;
medium line, P4; and thinnest line, P2.

body remains in a near-circular orbit after some time. The answer
to this question depends on the initial inclination i0. There is a spe-
ci� c critical value such that if the inclination is higher than that, the
eccentricityincreasesand the near-circularorbit becomesvery ellip-
tic. Alternatively, if the inclination is lower than this critical value,
the orbit stays nearly circular. Thus, only orbits with inclinations
lower than the critical value are useful for practical purposes. The
problem of near-circular orbits is very important because usually a
spacecraft that is nominally in circular orbit experiences perturba-
tions from other sources that make its eccentricitybecome nonzero.
In the double-averaged second-order model, this critical value is
i D 39:2315 deg [cos2.i/ D 0:60]. This critical value also represents
the lowest inclination that allows the existenceof orbits with eccen-
tricity, inclination,and the argument of periapsis to remain constant
under the second-order model. The behavior of the inclination and

the eccentricity with time is studied for near-circular orbits cov-
ering a large range of initial inclinations (0 < i0 · 85 deg) for the
mathematical models of orders two and four and the fully restricted
three-body problem. For this study, a lunar satellite is used (Figs. 1
and 2). For those simulations,the initial orbits used always haveKe-
plerian elements a0 D 0:01 (3844 km), e0 D 0:01, and !0 D Ä0 D 0.
The initial inclinationi0 varies as shown in Figs. 1 and 2. Remember
that the time is de� ned such that the period of the disturbing body
is 2¼ . In that way, 1000 units of time in Figs. 1 and 2 correspond
to about 160 orbits of the disturbingbody (in the case of the Earth–
moon system). Figures 1 and 2 are divided into two parts only to
make the observationof the time evolution easy: values of i0 in the
region of the critical value (39 < i0 < 42 deg) and above the critical
value (i0 > 50 deg). The sizes of those regions are chosen to avoid
unclear� guresdue to thedifferentscalesinvolvedandarenot subject
to a detailed study. Figure 1 shows the behavior of the inclination.
Figure 2 shows the behavior of the eccentricity, where the higher
amplitudes correspond to higher inclinations. In both Figs. 1 and 2,
the scattered points (that appear as the darkest line in some plots)
represents the results of the fully restricted problem, the thinnest
line represents the second-order model, and the intermediate line
represents the fourth-order model.

Parts of Figs. 1 and 2 for values of the initial inclination i0 be-
low the critical angle (i0 < 35 deg) are omitted here, but the results
show that the eccentricity oscillates with a very small amplitude
(less than 0.025) that increases rapidly when i0 decreases and the
inclination remains constant. For values of i0 around the critical
value (39 < i0 < 42 deg), it is possible to see that the eccentricity
oscillates with a larger amplitude (about 0.30) that increases with
i0. The inclination has a very characteristic behavior in this region
of i0 . For values of i0 slightly below the critical angle, the incli-
nation stays close to i0 . For values of i0 slightly above the critical
value, the inclination starts at i0 , decreases until the critical value,
and then returns to its original value i0 . Those results show that the
critical angle is not a sharp separation between stable and unstable
near-circular orbits. For values of i0 well above the critical value
(i0 ¸ 50 deg) the eccentricity oscillates with increasing amplitudes
that approach 1.0. The inclination keeps its characteristicbehavior
of starting at i0, decreasing to the critical value and then returning
to its original value i0. Figures 1 and 2 also show that this behavior
repeats itself in an endless cycle. The time required to reach the
critical value decreaseswhen i0 increases.This region has a gradual
transition where the eccentricity oscillates with an amplitude that
increases quickly with i0 , reaching the value 1.0 only in the case
i0 D 90 deg. Figure 3 shows the results in the phase diagram that
plots the eccentricity vs the inclination for the regions close to and
above the critical value. The region below the critical value shows
straight lines and is omitted here. Note that the different scales of
the plots show different aspects of the comparison.The comparison
between the three models tested shows that the averaged models
have smooth curves and that the full model has scattered points,
as expected. Because the semimajor axis and eccentricity have low
values in those simulations (a0 D 0:01 and e0 D 0:01), the differ-
ences between the second- and fourth-order models are not visible
in the plots with the scale used. To illustrate better those differences
and to justify the development of high-order models, a simulation
involving the three models for an Earth satellite is made and shown
in Fig. 4. The orbital elements used for this simulation are a0 D 0:1,
e0 D 0:5, and i0 D 75 deg. It is clear that the fourth-order model
has intermediate results between the second-order and the fully re-
stricted problem. The accuracy of the analytical models decreases
with time in a manner that depends on the orbit studied. For higher
valuesof semimajor axis and eccentricity,those differencesare even
higher.

It is possible to understand those behaviors by examining the
second-orderequationsof motion because the comparisonsshowed
that this model adequately represents the system. The magnitude
of the time derivative of the eccentricity is dependent on the term
e
p

.1 ¡ e2/, and so it increases when the eccentricityhas lower val-
ues due to the presence of e. After a value close to 0.71 is reached,
however, it starts to decrease due to the term

p
.1 ¡ e2/. Its sign

is determined exclusively by sin.!/, and it imposes the oscillatory
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behaviorshownin theplotsbecause! hasa secularvariation.For the
time derivativeof the inclination, the same analysis can be applied.
The magnitudeis in� uencedby the terme2=

p
.1 ¡ e2/, whichcauses

the curious behavior of showing regions of almost constant inclina-
tion alternatedwith sharp decreases and increases.The explanation
is that, for lower values of the eccentricity, the term e2 forces the
time derivative to stay close to zero, and the inclination remains al-
most constant. When the eccentricity increases and reaches values
close to 1.0, the term

p
.1 ¡ e2/, present in the denominator, forces

the time derivative to increase quickly, tending to in� nity, which
causes the fast motion of the inclination.The alternationof the sign
is caused exclusively by the term sin.!/, as explained before. The
argumentof periapsishas a secularvariationbecauseits time deriva-
tive is always positive in the situations considered, alternating large
regionsof slow and short regionsof fast increases.The fast increase
is also explained by the term

p
.1 ¡ e2/ in the denominator that

approaches zero when the eccentricity approaches 1.0.
The practicalapplicationof those results is that only near-circular

orbits with inclinationslower than the critical value are stable in the
long range because above this value the orbit looses its character-
istics of near circularity.This is in agreement with the existence of
the natural satellites known in the solar system because their incli-
nation is always lower than the critical value. The results are similar
to the ones obtained for an Earth satellite,11;12 taking into account
the timescale due to the value of ¹0.

Equatorial Orbits
Another property of the second-ordersystem that comes directly

from the inspectionof theequationsof motion is the existenceof sta-
ble equatorialorbits.This means that if an orbit startswith i0 D 0, the
inclination and eccentricity remain constant, and the orbits remain
in the equatorial plane. In the second-order model, this property is
evident from the equations of motion. If i0 D 0, then the right-hand
sides of the expressions for de=dt and di=dt are also zero, because
they are proportional to sin2.i/ and sin.2i/, respectively. For the
fourth-order model, the expression for the time derivative for the
inclinationhas a singularity,due to the sin.i/ present in the denomi-
nator.The expressionfor the time derivativeof the eccentricityis not
zero, because the coef� cients C3 and C6 that appear in the equation
for f1.a; e; i; !/ do not vanish when the inclination is zero. The nu-
merical integrationof the fully restricted three-bodyproblemmodel
shows the existence of equatorial solutions (zero inclination all of
the time) also in this more general model, as expected due to the
symmetry of the system. However, in contrast to the second-order
model, the eccentricity has short-periodoscillationswith an ampli-
tude that depends on the initial eccentricity, but it can reach values
large enough to destroy completely the circularity of the orbits.

Frozen Orbits
From the equations of motion for the second-order model, it is

possible to detect the existenceof a family of special orbits that have
a constantsemimajor axis, eccentricity,inclination,and argumentof
periapsis called frozen orbits. To obtain this family, it is necessary
to � nd the solutions of the equations de=dt D di=dt D d!=dt D 0
because the time derivative for the semimajor axis is always zero.
To satisfy the equation for the time derivativeof the eccentricity,the
condition is sin(2!/ D 0, which implies that cos(2!/ D §1. When
the solution cos(2!/ D C1 in the equation for the time derivative
of the argument of periapsis is analyzed, it is seen that its only
possible solution is e D 1:0. Thus, only the solution cos(2!/ D ¡1
is taken, and it implies that ! D 90 or 270 deg. The vanishingof the
time derivative for the inclination does not add any new condition
because sin(2!/ D 0 used earlier implies in di=dt D 0. From the
equation d!=dt D 0 and the assumed solution cos(2!/ D ¡1, one
more condition is found:

5 cos2.i/ ¡ 1 C e2 ¡ 5[1¡ e2 ¡ cos2.i/] D 0 ) e2 D 1 ¡ 5
3 cos2.i/

(34)

This is a relationbetween the eccentricityand the inclination that
allows frozen orbits. From this equation, the condition cos2.i/ < 3

5
is also obtained. This condition sets a minimum value for the in-
clination, which is the critical value discussed before, due to the
restriction e2 > 0. Those conditions are valid only for the second-

order model. When submitted to the fourth-order and to the fully
restricted problem model, a frozen orbit is destroyed, and it shows
periodic oscillations in all of the three orbital elements. The dif-
ference between the fourth-order and the restricted models are in
the amplitudeof the oscillations.The amplitudesare about 10 times
largerwhen the restrictedproblemis used.As anexample, the frozen
orbit with eccentricity 0.3 and inclination 42.36066 deg was simu-
lated, and the oscillations for the fourth-order model were 0.01 rad
in inclination, 0.03 in eccentricity, and 0.08 rad in the argument of
periapsis. For the restricted model, the oscillations were 0.14 rad
in inclination and 0.3 in eccentricity,and the argument of periapsis
assumed all values in the interval [0; 2¼ ] rad. When the equations
of motion for the fourth-order model are examined, it is seen that
f1.a; e; i; !/ D f2.a; e; i; !/ D 0, but f3.a; e; i; !/ 6D 0. This means
that the eccentricity and the inclination keep their time derivatives
null for the fourth-ordermodel. The destructionof the frozen orbits
comes from the argument of periapsis because its time derivative is
not null, and so the argument of periapsis deviates from the frozen
condition.This makes sin.2!/ 6D 0, and it implies that all of the time
derivatives deviate from zero. Another applicationof the frozen or-
bits in the second-ordermodel is to test the accuracyof thenumerical
integration of this model.

Lifetime of Orbits Around Natural Satellites
In this section, the behaviors of orbits around some of the most

important natural satellites in the solar system are studied. In all
cases, an initial orbit with semimajor axis equal to four times the
radius of the satellite is used. The initial eccentricity was varied
in the range 0:0 · e · 0:5, in steps of 0.05. The initial inclination
was varied from 60 to 85 deg, in steps of 5 deg. For each set of
initial conditions, the equations of motion given by the restricted
problem model were integrated in time until an eccentricityof 0.75
was reached, at which point a collision occurs. Regions with incli-
nation below 60 deg are not included here because they have orbits
with eccentricity oscillating below 0.75, as shown in Fig. 1, and
they do not crash. The simulations were performed using the three
models shown in this paper. The results showed that the second-
and the fourth-order models have a strong agreement in all of the
cases simulated, but the numerical results agree with the averaged
models only for the moon and Charon, which have large values for
the mass parameter. Thus, Figure 5 presented here represents the
results obtained by the most reliable method permitted in the short
times involved: the restricted problem. From several simulations,
those times are obtained and plotted in Fig. 5. The horizontal axis
represents the initial eccentricity,the vertical axis the initial inclina-
tion, and the contour plots are lines of constant lifetime, in sidereal
days.Note that the plots for the moon and Europahave two different
scales to facilitate the visualization. Table 1 shows the data of the
celestial bodies used in the numerical simulations, as obtained from
Ref. 13: the period (sidereal days), the mean distance to the planet
(103 km), the radius of the satellite (kilometers), and the mass pa-
rameter (¹), that is, the ratio between the mass of the satelliteand the
total mass of the system. The numerical integration was performed
using a Runge–Kutta 7–8 algorithm.A limit of 3000 canonicalunits
of time, where one canonical unit of time is equal to the period of
the satellite around the planet divided by 2¼ , is included in the sim-
ulations. When this time is reached, the numerical integration is
stopped, and the collision is assumed not to occur.

Table 1 Data for celestial bodies

Mean distance Radius of
Sidereal to planet, the satellite, Mass

Satellite period, days 103 km km parameter ¹

Moon 27.321661 384.4 1738 0.0121505
Io 1.769137 422 1815 0.0000468
Europa 3.551181 671 1569 0.0000252
Ganymede 7.154552 1070 2631 0.000078
Callisto 16.689018 1883 2400 0.0000566
Titan 15.910290 1221.83 2575 0.000238
Titania 8.705871 435.91 800 0.000068
Triton 5.876843 354.29 1600 0.001298
Charon 6.387100 19.7 600 0.111111
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Fig. 5 Lifetime (sidereal days) for orbits around natural satellites.

Looking at the results, some characteristicsare evident:
1) For the majority of the cases studied, the dependence on the

initial inclination is not strong. The lines of constant time are close
to vertical, with a tendency to have a linear decrease in the lifetime
of the orbit for higher values of the initial inclination. This result
is explained by the range studied for the inclination being above
the critical inclination, so that all of the orbits are expected to be
unstable.

2) There is a strong, and close to linear, dependence with the
initial eccentricity. Detailed studies of the lifetime as a function of
the initial eccentricityfor several values of the semimajor axis were
performed, and the nearly linear relationship was con� rmed. The
reason for that is that the end of the life of the orbit is reached when
theeccentricityhas thevalue0.75.Thus,when the initialeccentricity
is higher, the time to reach the limit value of 0.75 decreases almost
linearly.
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3) For the Jupiter family, the lifetime decreases when a satellite
closer to Jupiter is studied, and so Io has orbits with the shortest
lifetimes, usually in the order of few days, and Callisto has the
longest ones, ranging from 20 days to more than six months.

4) The mass parameter of the system also plays an important role
in this problem. When this parameter increases, the relative value
of the mass of the perturbing body decreases, and the lifetimes of
the orbits become larger. The moon and Io show this very well.
Simulations varying only the mass parameter con� rmed this.

Some extra simulations were made to study other details. If a
collision occurring when the eccentricity reaches the value 0.75
is neglected and the numerical integration continues beyond this
point, the same situation observed for the lunar satellite repeats,
and the eccentricityoscillatesbetween the initial value and 1.0. The
inclination stays close to its initial value most of the time, but it
goes down to the critical value in a periodic motion. The difference
from the lunar satellite is only the periodof the oscillations,which is
much faster in Io, as expected from the second-orderanalysis made
earlier.

Conclusions
This paperdevelopsthreemathematicalmodels to study the third-

bodyperturbation:thedoubleaverageup to second-and fourth-order
in the expansion in Legendre polynomials and the fully restricted
problem. The results show in detail the behavior of orbits with re-
spect to its initial inclination and the role of the critical inclination
in the stability of near-circular orbits. They show that this critical
value is a transition region where the eccentricity has an oscilla-
tion that increases in amplitude. It has also shown the existence of
equatorial solutions (but with the eccentricity oscillating) and the
nonexistenceof circular solutions under the dynamics given by the
restrictedthree-bodyproblem.The frozenorbitsfoundin thedouble-
averagedsecond-ordermodel are studied in the fourth-orderand the
fully restrictedmodels. It is shown that they have their Keplerian el-
ements disturbed by a small periodic oscillation in the fourth-order
model and a large periodic oscillation in the restricted problem.

The study of the lifetime of orbits around some natural satellites
of the solar system showed the following: 1) The dependence on
the initial inclination is not strong, with a tendency to have a linear
decrease in the lifetime of the orbit for higher values of the initial
inclination. 2) There is a strong and nearly linear dependence with
the initial eccentricity. 3) The lifetime decreases when the natural
satellite is closer to the planet. 4) When the mass parameter of the
system increases, the relative value of the mass of the perturbing
body decreases, and the lifetime of the orbits become larger. In

general, it is seen that orbits with inclinations higher than 60 deg
have a short lifetime.
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